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Mixed Convection from Vertical and Inclined
Moving Sheets in a Parallel Freestream

N. Ramachandran,* T. S. Chen,f and B. F. Armalyrj:
University of Missouri—Rolla, Rolla, Missouri

Laminar mixed convection adjacent to vertical and inclined moving sheets in a parallel freestream is analyzed
for both the uniform wall temperature and the uniform surface heat flux cases. The analysis covers the entire
mixed convection regime, from pure forced convection to pure free convection. Numerical results are reported for
different combinations of the velocities of the moving sheet us and the freestream u^ for Prandtl numbers of 0.7
and 7. Local Nusselt numbers as well as velocity and temperature distributions are presented for a wide range of
the buoyancy* parameter. It is found that the local Nusselt number increases as the value of the buoyancy
parameter increases. For the same dimensionless velocity difference \US— t£J, the local Nusselt number is larger
for Us> U^ than it is for U^U^. Significant velocity overshoots occur within the boundary layer as the
buoyancy parameter increases, with the low Prandtl number fluid exhibiting a more pronounced buoyancy effect
than the high Prandtl number fluid. Simple correlations for evaluating local and average mixed convection Nusselt
numbers are also presented and very good agreement is found between the computed results and the proposed
simple correlations.
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average Nusselt numbers
for pure forced, pure freeL
and mixed convection, = hL/k
Prandtl number
wall heat flux
local Reynolds number, = urx/v
Reynolds number based on L, = urL/v
fluid temperature
wall temperature
freestream temperature
streamwise and normal velocity components
reference velocity
velocity of the moving sheet
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thermal diffusivity
volumetric coefficient of thermal expansion
angle of inclination from the vertical
boundary-layer thickness
stream function
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kinematic viscosity of fluid
density of fluid
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dimensionless temperature for
free convection under UHF,



JULY 1987 MIXED CONVECTION FROM MOVING SHEETS 275

buoyancy parameter for UWT,
Grxcosy/Rex
forced flow parameter for UWT,

buoyancy parameter for UHF,
Gr* cosy /Re\
forced flow parameter for UHF,

Introduction

M IXED convection boundary-layer flows, characterized
by the modification of the convective flow and thermal

fields by buoyancy forces, are frequently encountered in trans-
port processes occurring both in nature and in industry. To
cite a few practical examples, industrial processes such as the
extrusion of metals and plastics, cooling and/or drying of
paper and textiles, and material handling involve boundary
layers on continuous moving surfaces in a freestream under
significant thermal buoyancy forces. The wall shear stress and
the heat-transfer rate from the surface are affected by the
buoyancy forces, and considerable error in their estimation (as
high as 25%) can result if the buoyancy effects are not taken
into account in the analysis.

At the outset, it must be pointed out that the problem of
boundary-layer flow adjacent to a continuous moving sheet is
physically different from that of the classical Blasius flow past
a stationary flat plate and that the two problems cannot be
mathematically transformed from one to the other. Sakiadis1'2
was the first to analyze the boundary layer on continuous
semi-infinite sheets and cylindrical rods moving steadily in an
otherwise quiescent environment. He examined the boun-
dary-layer developments for these continuous surfaces. Several
of the subsequent studies (see, for example, Moutsoglou and
Chen3 and the references cited therein) dealt with the analysis
of the boundary layer along moving fibers and sheets in a
quiescent environment with and without the thermal buoyancy
force effects on the flow. These studies have borne out the fact
that thermal buoyancy forces significantly affect the flowfield
and hence the heat-transfer rate from the surface, especially
when the velocity of the moving surface is small and the
temperature difference between the surface and the ambient
fluid is large. Very recently, Abdelhafez4 analyzed the bound-
ary layer along a moving surface maintained at uniform wall
temperature (UWT) in a flowing parallel freestream. The
relative velocity between the surface and the freestream
governs the flowfield and hence the skin friction and the
surface heat-transfer rate. However, in his study the effect of
the thermal buoyancy forces on the flow and thermal fields
was not considered and results were restricted to fluids with a
Prandtl number of 0.7.

In the present study, the buoyancy force effects on the
heat-transfer characteristics of laminar boundary layers along
flat sheets moving in a parallel freestream (in the same direc-
tion of motion as the sheet) are examined analytically for the
entire mixed convection regime, that is, from pure forced
convection (no buoyancy forces) to pure free convection (fully
buoyant flow). The sheet is maintained at a uniform wall
temperature (UWT) or subjected to a uniform surface heat
flux (UHF) and is moving parallel to the freestream in a
vertical or inclined direction. Only the buoyancy-assisting
case, which corresponds to the upward motion for a heated
sheet or the downward motion for a cooled sheet, is investi-
gated in this study. Results are reported for two Prandtl
numbers of 0.7 and 7. Simple correlations for determining the
local and average Nusselt numbers are also presented.

Analysis
Consider a semi-infinite flat sheet originating from a slot

and moving at a constant velocity us in a vertical or inclined

direction in a parallel freestream with a constant velocity u^
as shown in Fig. 1. The stationary coordinate system has its
origin located at the end of the slot, with the positive x
coordinate extending in the streamwise direction and the y
coordinate being measured normal to the surface. The normal
coordinate y is taken to be positive away from the surface
both for the fluid above and below the sheet. The inclination
is measured as the acute angle from the vertical. The sheet
may be maintained at a uniform wall temperature (UWT) or
be subjected to a uniform surface heat flux (UHF). To in-
vestigate the entire range of mixed convection, ranging from
pure forced convection to pure free convection, the analysis is
carried out from both the standpoints of the buoyancy force
effect on forced convection (i.e., forced-convection-dominated
regime) and the forced flow effect on free convection (i.e.,
free-convection-dominated regime).

The governing boundary-layer equations with the Bous-
sinesq approximation and the appropriate boundary condi-
tions for the problem under consideration can be written as

(1)

dT-x—dx +
dT-*—dy

d2T

u=uf,
Q np

at j =

as

(2)

(3)

(4)

In writing Eq. (2) the streamwise pressure gradient term
induced by the buoyancy force is neglected. As was shown by
Mucoglu and Chen,5 this approximation is valid when the
condition

— tany 1 or tany (5)

is fulfilled, where Tj5 = 8(ur/vx)2 and Rex = urx/v. For
laminar boundary layer with 103 < Rex < 105 and 5 < ys < 10,
Eq. (5) yields y values as high as 80 deg. Thus, Eq. (2) can be
used with sufficient accuracy for inclined plates for angles y
up to 80 deg from the vertical.
Forced-Convection-Dominated Regime

To simplify the analysis, the velocities in Eqs. (1-3) and in
the boundary conditions [Eq. (4)] are normalized by a refer-
ence velocity ur, which is the larger of the two velocities us
and u^ in the problem. Thus,

ur = us for us > u^ and ur = u^ for us < u^ (6)

Us = us/ur and U^ = u00/ur (7)

The governing equations and the boundary conditions are
then transformed using the appropriate transformation vari-
ables for the UWT and UHF cases.

For the UWT case, the dimensionless stream function
/(£, 17) and temperature 0(£, TJ) are introduced, respectively,
as

it) (8)
where the dimensional stream function if>(x, y) satisfies the
continuity equation (1) with u = d^/dy and v = — d\f;/dx. In
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g cos Y

Fig. 1 A schematic of flow configuration.

terms of the transformation coordinates (£, TJ) defined as

(9)

Eqs. (1-4) can be transformed into the following system of
equations:

u,/ur, 0,

In the above equations, £L, XL» an<^ ReL> we, respectively,
the £, x> %&d Rex based on a certain sheet length L in the
flow direction.

The system of equations along with relevant boundary
conditions for the forced-convection-dominated regime are
solved by an accurate and efficient finite-difference scheme
similar to the one used by Keller and Cebeci.7'8 Numerical
results were obtained for five different velocity combinations
W.tfoo) of (1.1). (1,0.5), (1,0), (0.5,1) and (0,1) for both
Pr = 0.7 and 7, covering the respective buoyancy parameter
ranges of 0 < £ < 10 and 0 < x < 10 for the UWT and UHF
cases. As is evident, the (0,1) velocity combination corre-
sponds to flow along a stationary vertical or inclined surface
and the (1,0) velocity combination to a surface moving in an
otherwise quiescent environment. Also, £ = 0 and x = 0 corre-
spond to pure forced convection, respectively, for the UWT
and UHF cases.
Free-Convection-Dominated Regime

For the free-convection-dominated regime, the transformed
equations and boundary conditions for the UWT case under
Eq. (5) are given by

A"' + 3M" - 2//2 + 8l J| -//If)

for

(19)

(20)

(21)

(12) and

where the primes denote partial derivatives with respect to TJ.
In a similar manner, the system of equations for the UHF

case can be derived. These equations are given in Chen et al.6
and are thus omitted here. However, the corresponding
boundary conditions are changed to

- u,/ur, -0,

(13)

where the primes again denote partial differentiations with
respect to TJ, ^(x,^) is the reduced stream function, and
<J>(X,??) is the dimensionless temperature. The buoyancy pa-
rameter for this case is defined as

X = Gr* cosy/Re* (14)

The local and average Nusselt numbers for the UWT case
have the respective expressions

_1

and

WiRel*

For the UHF case, they are given by

x-*[i/*(x,o)]dx

(15)

(16)

(17)

(18)

totUs<Ux (22)

where the dimensionless stream function /i(£1(i|i) and the
dimensionless temperature #i(£i, ifr), are now denned as

i / .. ..\
(23a)

(23b)
(T- TV J oo

The primes in the above equations denote partial differentia-
tion with respect to % and the forced flow parameter £1 is
given by

(24)

The local and average Nusselt numbers for this case are given
by

and
_i

Wu(GrL cosy/4)-' =-

(25)

^ (26)

where ^1L = f1(L).
For the UHF case, the transformed /i(xi, Yi) and

' *i(Xi» ^i) equations are given in Chen et al.6 and are not
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repeated here. The boundary conditions, however, must be
changed to

*iCxi,»)-0

toTUs>Ux (27)

and

Nux, NuF, and Nw/v_are replaced with the corresponding
average quantities Nu, NuF, and ~NuN. The expressions used in
the correlation of Eq. (32) are presented below for both the
UWT and the UHF cases.

Uniform Wall Temperature (UWT) Case
The local Nusselt number for the pure forced convection in

laminar boundary layer along continuous moving isothermal
sheets exposed to a parallel freestream can be expressed with
good accuracy of less than 2% error as follows:

NuF=(CPr)mG,(Pr)Rel Us> Ux (35)

' for 17, < !/„ (28)

where the primes now denote partial differentiations with
respect to Yl and the forced flow parameter Xi is given by

1
Xi-3

(Grf cosy/5)1 (29)

The local and average Nusselt numbers now have the expres-
sions

Nux ( Gr* cosy/5) ~ J = 1/<J>X ( Xi ,

and

(30)

1 (31)

where XIL ....
The system of equations along with relevant boundary

conditions for the free-convection-dominated regime are solved
by the local nonsimilarity method, with the equations being
truncated at the second level. Solutions were obtained for five
different velocity combinations (Us, U^) of (1,1), (1,0.5), (1,0),
(0.5,1), and (0,1) in the buoyancy parameter ranges of 10 < £x
< oo and 10 < Xi < oo for both Pr = 0.7 and 7. The upper
limit oo in these ranges corresponds to pure free convection
for the UWT and UHF cases, respectively. The solutions
obtained from both ends (the pure forced convection end and
the pure free convection end) were matched with errors of less
than 4% at the corresponding buoyancy parameter value of
10.

Correlations
Correlations for the local mixed convection Nusselt num-

bers are proposed along the same line as suggested for mixed
convection from stationary isothermal inclined surfaces by
Chen et al.9 for the UWT condition and by Armaly et al.10 for
the UHF condition. Accordingly, the local mixed convection
Nusselt number Nux can be expressed in terms of the local
Nusselt number for pure forced convection from continuous
moving sheets NuF and the local Nusselt number for pure
free convection NuN for the same geometry as

where n is a constant exponent. Equation (32) can be readily
cast into the following form

where
Y" = 1 4- Xn (33)

Y = Nux/NuF, X = NuN/NuF (34)

The average Nusselt number Nu can also be obtained from
Eqs. (32) and (33) if the respective local Nusselt numbers

NuF=(CPr)mG2(Pr)Rel, US<UX (36)

where C and m are constants. The values for C are listed in
Table 1. The constant m is denned as

US>UX (37)

m=Us/(Us+Ux), US<UX (38)

The function G^Pr) is given by Ramachandran et al.11 to
correlate the pure forced convection Nusselt number for verti-
cal and inclined isothermal sheets moving in an otherwise
quiescent environment, that is, for the case m = 0 in Eq. (35).
The other function G2(Pr) has been given by Churchill and
Ozoe12 for correlating the pure forced convection Nusselt
number over an isothermal stationary flat plate, that is, for the
case m = 0 in Eq. (36). The respective expressions for
and G2(Pr) are

-1.44472 Pr* + 1.8865 (39)

and

G2(Pr) = 0.3397V3 [l + (0.0468/Pr)1] ~* (40)

The corresponding local Nusselt number expression for free
convection can be given by a modified form of Ede13 as

NUN = 63 (P r)( Grx cosr) * (41)

Table 1 Correlation constants and regime of mixed convection

Casea

UWT

UHF

Pr C
0.7 2.55

3.75

7 0.16

0.78

0.7 2.10

4.75

7 0.15

1.08

Flow
condition Us

Us> U^ 1
I
1

Us < U^ 0.5
0

Uy > U^ 1

1

1

Us < U^ 0.5
0

U5 > U^ 1
1
1

U,<U« 0.5
0

Us > U 1
l
1

Us < Ux 0.5
0

"oo

1
0.5
0
1
1
1
0.5
0
1
1
1
0.5
0
1
1
1
0.5
0
1
1

a
0.45
0.25
0.09
0.20
0.07
1.50
0.70
0.30
0.40
0.10
2.00
1.50
1.25
0.70
0.04

25.00
20.00
10.00
4.00
0.15

b
60
40
30
25
7.5

350
300
250
100

8.5
250
150
100

80
20

5000
4500
4000
1500

22
aUWT: a < £ < b. UHF: a < X < b.
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ID

Gr cos

Fig. 2 Local Nusselt number results for inclined isothermal moving
sheets.

JO ID

Fig. 3 Local Nusselt number results for inclined moving sheets with
uniform surface heat flux.

3 ( Pr) = 0'.75P/* [2.5(1 + 2P£ + 2Pr)\ * (42)
where

Pure free convection corresponds to the case when both Us = 0
and L^ = 0 simultaneously.

The local mixed convection Nusselt number can then be
expressed according to Eq. (33) as follows:

NuxRe~*
Ol(fr)

1 +
G3(Pr)(Grxcosy/Re2

xy
l/n

for tf >

and

NuxRe~*
G2(Pr) = (1 +

G3(Pr)(Grxcosy/RelY

(43)

Us< Ux

(44)

Similarly, the average mixed convection Nusselt number can
be correlated as

NiRel* _ I 2G3(Pr)(GrLcosy/Reiy]"\
2G,(Pr) | 3(C Pr)mGi(Pr) \ /

for U,>UM. (45)

X - <G3<Pt~) / [ (CPr)m G2(Pr) J> (G^
O 1 2 3 4

1 R
>-

O

X - <G3<Pr)/C (CPr^G^Pr)]) (C^oosf/Re2)1'4

Fig. 4 Comparison between predicted and correlated local Nusselt
numbers for inclined isothermal moving sheets.

X - <H(Pr) / [ <CPr)m H (Pr) J >

Fig. 5 Comparison between predicted and correlated local Nusselt
numbers for inclined moving sheets with uniform surface heat flux.

and

2G2(Pr) 1 +

^ (46)

Equations (43-46) have the form 7=(1 + X")l/n. For a
vertical plate, y = 0 deg and cosy = 1.
Uniform Surface Heat Flux (UHF) Case

As in the UWT case, the local Nusselt number for pure
forced convection in a laminar layer along moving sheets
subjected to the UHF condition and exposed to a parallel
freestream can be accurately expressed (to within 2% error) as

Nu

U<U

(47)

(48)

where C is a constant whose values are listed in Table 1 and
m is given as before by Eqs. (37) and (38). The function
H^Pr) corresponds to the correlation for pure forced convec-
tion Nusselt numbers for vertical and inclined sheets sub-
jected to a uniform surface heat flux and moving in a sta-
tionary medium.11 The function H2(Pr) has been given by
Churchill and Ozoe12 for correlating pure forced convection
Nusselt numbers over a stationary flat plate with the UHF
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condition. The expressions for H^Pr) and H2(Pr) are, re-
spectively,

and

#x ( Pr) = - 2.094677^ + 2.8452Pr^ (49)

H2( Pr) = 0.464Pr" [l + (0.0207/Pr)f ] " * (50)

The corresponding local Nusselt number expression for free
convection can be given by14

where

(51)

(52)

The local mixed convection Nusselt number can then be
expressed as before by Eq. (33) as follows:

1 +
H3(Pr)(Gr* cosy/Rely

l/n

(53)

1 +
H3(Pr)(&* cosy/He*)'

(CPr}mH2(Pr)

l/n

for V. <S GO

(54)

Similarly, the average mixed convection Nusselt number can
be correlated as

27/^Pr)
1.

5H3( Pr)(Grf cos y/Ref)5
l/n

and (55)

2#2(Pr)

= 1 +
5#3(Pr)(GrL*

8(CPr)™#2(Pr)

l/n

(56)

Again, Eqs. (53-56) have the form 7 = (1 4- X»)l/n.

Results and Discussion
The local mixed convection Nusselt numbers NuxRe~* as a

function of the buoyancy parameter Grxcosy/Rex for the
UWT case are illustrated in Fig. 2. Results are presented for
the entire range of values of the buoyancy parameter for two
Prandtl numbers, Pr = 0.7 and 7, and for five different veloc-

ity combinations of moving sheet and freestream. Similar
results for the UHF case are shown in Fig. 3, with the
buoyancy parameter now being Gr* cosy/Re^. The results
presented in both figures apply to a vertical moving sheet for
y = 0 deg and can be used with good accuracy for inclined
moving sheets in the angle range of 0 < y < 80 deg from the
vertical. From Figs. 2 and 3, it is evident that the pure forced
convection local Nusselt number changes as the freestream
velocity combination (U^U^) changes. Also, the local Nusselt
number increases as the value of the buoyancy parameter
increases and all the curves for the different (U^U^) combina-
tions approach a common pure free convection asymptote
(also shown in the figures). These figures also reveal that, for
the same dimensionless velocity difference \US - t/J, the local
Nusselt number is larger for Us > U^ than it is for Us < U^.
This trend, which was also observed in the results of
Abdelhafez4 for pure forced convection, extends throughout
the mixed convection regime. This increase in the surface
heat-transfer rate can be attributed to a larger velocity and
hence a higher transport rate in the vicinity of the sheet in the
former case in comparison to the latter case. It is also of
interest to note from Figs. 2 and 3 that the deviation of the
local Nusselt number from the pure forced convection
asymptote is more pronounced for the lower Prandtl number
fluid (TV = 0.7) than for the higher Prandtl number fluid
(Pr = 7). The approach of the local Nusselt numbers to the
pure free convection asymptotic value is thus delayed to
higher values of the buoyancy parameter for the high Prandtl
number fluids.

The predicted heat-transfer results from the analysis are
compared with the proposed local Nusselt number correla-
tions in Figs. 4 and 5 for the UWT and the UHF cases,
respectively. The results are presented in terms of Y vs X in
the figures. Thus, for the UWT case the results are cast into
the form of Eqs. (43) and (44) and for the UHF case into the
form of Eqs. (53) and (54). The correlated results are pre-
sented for both Prandtl numbers of Pr = 0.7 and 7. As is
evident from these two figures, an exponent value of n = 3 in
Eq. (33) correlates very well with the numerically predicted
mixed convection results from Eqs. (15), (17), (25), and (30).
The agreement between the predicted and the correlated re-
sults for the UWT case (Fig. 4) is better (with errors of less
than 5%) than that for the UHF case (with errors of less than
8%). Figures 4 and 5 also apply to average Nusselt number if
the X and Y coordinates in the respective figures are replaced
with the corresponding ones given in Eqs. (45) and (46) for
Fig. 4 and in Eqs. (55) and (56) for Fig. 5. It should be noted
that in applying the correlation equations to inclined plates,
the inclination angle y should be limited to 80 deg.

The effects of buoyancy force on the heat-transfer char-
acteristics are presented in a different form in Fig. 6 for the

'UWT case. The predicted local Nusselt number NuxRe~* is
plotted against the dimensionless velocity difference \US - U^\
for four representative values of the buoyancy parameter (0,1,
5, and 10) for both Prandtl numbers. Also presented in this
figure are the proposed correlations that cover 0 < \US - L^J
< 1. The following inferences can be drawn from Fig. 6:

1) There is a very good agreement between the proposed
correlations and the numerically predicted results.

2) For the same dimensionless velocity difference \US - L^|,
the local Nusselt number is higher when Us > U^ than when
Us < U^. This effect is more pronounced for a Prandtl number
of 7 than for 0.7. Also, the difference in Nusselt numbers
decreases as the value of buoyancy parameter increases.

3) As the buoyancy force increases, the local Nusselt num-
ber increases, with the low Prandtl number fluid exhibiting a
higher relative increase in the Nusselt number than the high
Prandtl number fluid for the same increase in the buoyancy
force.

Representative velocity and temperature distributions for
the UWT case are presented in Figs. 7-10 for the velocity
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0.8

0.6

0.4

0.2 Prediction

Cor-reJotion

Fig. 6 Variations of the local Nusselt number with \US - U^\ and the
buoyancy parameter, UWT case.

- 0.5 V

Fig. 8 Velocity and temperature distributions for (Us, U^) = (1,0.5),
UWT case.

Fig. 7 Velocity and temperature distributions for
UWT case.

10

(1,1),

Fig. 9 Velocity and temperature distributions for (^,17^) = (1,0),
UWT case.

combinations (U^U^) of (1,1), (1,0.5), (1,0) and (0.5,1),
respectively. In each figure, velocity and temperature profiles
are presented only for four typical buoyancy parameter values
of 0,1, 5, and 10. From these figures, it can be seen that both
the velocity and temperature distributions are affected by the
buoyancy forces, with the velocity field showing a more pro-
nounced effect than the temperature field. Also, significant
velocity overshoots occur within the boundary layer as the
buoyancy force increases, thus increasing the local wall shear
stress. Similarly, an increase in the temperature gradient at the
wall with increasing buoyancy force causes an increase in the
local heat-transfer rate from the wall. The above-mentioned
characteristics displayed by the flow and thermal fields are
more subdued for the higher Prandtl number fluid than for the
lower Prandtl number fluid. A comparison between the tem-
perature profiles for the velocity combinations (Us - U^) of
(1,0.5) and (0.5,1) (Figs. 8 and 10, respectively) helps to
illustrate the heat-transfer characteristics for flows where \US
- £41 is the same. The steeper temperature gradients shown
in Fig. 8 than in Fig. 10 correspond to higher heat-transfer
rates in the former case as compared to the latter. This
augmented heat-transfer rate when Us > U^ is due to the
higher velocity of the fluid particles near the heated sheet,

0.5 V

Fig. 10 Velocity and temperature distributions for (US,U00) = (0.5,1),
UWT case.
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which translates into a higher transport of thermal energy
from the surface.

The values of the correlation factor C for the various
flowfields and the two heating conditions (UWT and UHF)
are listed in Table 1. This table also includes the lower bound
a of the buoyancy parameter, above which the mixed convec-
tion Nusselt number is more than 5% above the pure forced
convection value and the upper bound b, which denotes a 5%
departure of the mixed convection Nusselt number from the
pure free convection asymptote. Significant errors will result if
the asymptotic values of pure forced convection and pure free
convection are used in computing the heat-transfer rate in the
mixed convection regime.

Conclusion
Mixed convection in laminar boundary layers adjacent to

continuous sheets moving in either vertical or inclined direc-
tions and subjected to a parallel freestream is analyzed. The
thermal buoyancy force significantly alters the thermal and
flow fields and hence changes the heat-transfer rate from the
surface. Velocity and temperature distributions for various
surface/free stream velocity combinations show that the
velocity field is affected much more by the buoyancy force
than the temperature field. Significant velocity overshoots
occur within the boundary layer as the buoyancy force in-
creases, thus causing an increase in the wall shear stress.
Similarly, the temperature profiles display a steeper gradient
at the wall with the increasing value of the buoyancy parame-
ter, resulting in an increase in the surface heat-transfer rate.
The above-mentioned flow and temperature characteristics are
presented for Prandtl numbers of 0.7 and 7, with the higher
Prandtl number fluid showing a more subdued effect than the
lower one. Simpile and accurate correlations are presented for
calculating the local and average Nusselt numbers for both
cases of uniform wall temperature and uniform surface heat
flux.
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